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The characterization of quantum coherence in the context of quantum information theory and its interplay 
with quantum correlations is currently subject of intense study. Coherence in an Hamiltonian eigenbasis yields 
asymmetry, the ability of a quantum system to break a dynamical symmetry generated by the Hamiltonian. We 
here propose an experimental strategy to witness multipartite entanglement in many-body systems by evaluating 
the asymmetry with respect to an additive Hamiltonian. We test our scheme by simulating asymmetry and 
entanglement detection in a three-qubit GHZ-diagonal state. 
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I. INTRODUCTION 

Quantum Information Theory provides important insights 
on the foundations of Quantum Mechanics, as well as its tech¬ 
nological applications. The framework of resource theories 
characterizes the quantum laws as constraints, and the proper¬ 
ties of quantum systems as resources for information process¬ 
ing [1]. In this context, the degree of coherent superposition 
of a state 2,-c,j!)(!|, 2/k,P = 1, i.e. coherence (we omit the 
quantum label, from now on) in a reference basis {/), is a re¬ 
source. The crucial question is to determine how to obtain a 
computational advantage powered by coherence [2-19]. The 
coherence of a hnite-dimensional quantum state p has been 
defined as its distinguishability from the sets of states which 
are diagonal in a given basis [14-19]. Yet, to date, there is 
no operational interpretation for such definition of coherence. 
A concurrent body of work has linked the coherence of p in 
a basis j/i] to the degree of uncertainty in a measurement of 
an observable h\h){h\ on p. Such genuinely quantum 

uncertainty has been proven to have an operational interpre¬ 
tation, corresponding to the sensitivity of the state to a phase 
shift generated by H [2-13]. From a physics perspective, co¬ 
herence here underpins U{l)-asymmetry. The asymmetry of a 
quantum system quantifies its ability to be a reference frame 
under a phase superselection rule, where H is the observable 
whose coherent superpositions are prohibited (e.g. electric 
charge, energy). In other words, asymmetry is the geometric 
property of a quantum system which makes it able to break a 
symmetry generated by an Hamiltonian H. 

Further studies bridged the gap between these recent theo¬ 
retical findings and the experimental implementation of quan¬ 
tum information processing, by providing a strategy to mea¬ 
sure the asymmetry of an arbitrary quantum state in the lab¬ 
oratory with the current technology [8] (for coherence wit¬ 
nesses, see [20-22]). These results paved the way for inves¬ 
tigating the link between coherence and quantum properties 
of multipartite systems. In particular, the relationship be¬ 
tween coherence and quantum correlations has been explored 
[6, 9, 13, 16, 18, 19, 23,24]. 
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In this work, we show how detecting asymmetry in states of 
multipartite qubit systems allows an experimentalist to verify 
entanglement with limited resources. Entanglement is a cru¬ 
cial property for quantum information processing [25], e.g. 
providing speed-up in communication and metrology proto¬ 
cols [26, 27]. Yet, it is hard to be quantified in both theoretical 
and experimental practice [28-30]. On this purpose, we here 
introduce an experimentally friendly witness of multipartite 
entanglement in terms of the asymmetry with respect to an 
additive Hamiltonian. 

The structure of the paper is the following. In Sec. II A, we 
recall that the quantum Fisher information, a measure of sen¬ 
sitivity of a state to phase shifts employed in quantum metrol¬ 
ogy [27, 31-33], is an asymmetry quantifier. It is possible 
to identify a lower bound of it in terms of traces of den¬ 
sity matrix powers. We calculate how much the experimen¬ 
tally reconstructed bound deviates from the theoretical quan¬ 
tity (Sec. II B). Also, we express the lower bound for one, 
two and three-qubit states in terms of hnite phase shifts gen¬ 
erated by spin observables. These quantities can be evaluated 
by single qubit interferometry [34-38], as well as local pro¬ 
jective measurement schemes [8, 39-44], without performing 
full state reconstruction. In Sec. Ill A, we show that the asym¬ 
metry lower bound witnesses genuinely multipartite entangle¬ 
ment when measured with respect to an additive multipartite 
Hamiltonian. We complete the study with a demonstrative ex¬ 
ample (Sec. IIIB). We simulate the evaluation of asymmetry 
and entanglement in a GHZ-diagonal state by a seven-qubit 
quantum information processor. We draw our conclusions in 
Sec. IV. 


II. MEASURING ASYMMETRY 
A. Theoretically consistent measure of asymmetry 

Quantum Fisher information 

In the resource theory of asymmetry [2-5, 7], the con¬ 
sumable resource is any system whose state is not commut¬ 
ing with a fixed, bounded observable H with spectral de¬ 
composition H = A system in the incoherent 
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state ph such that pn - TjhCh\h){h\,\pH,H] - 0, is free, 
in the sense that it can be arbitrarily added or discarded in 
a quantum protocol without affecting the available asymme¬ 
try. Free states are invariant under phase rotations gener¬ 
ated by H: - pn, e R. The free op¬ 

erations are the CPTP (completely-positive trace-preserving) 
maps &[f which cannot increase the amount of asymmetry 
in a state. They are identified by maps commuting with the 
unitary evolution generated by the observable under scrutiny, 

Vp, 0. Their explicit form 
is studied in Ref. [3]. Several quantifiers of asymmetry have 
been proposed [3, 7, 8]. Here we adopt the viewpoint of asym¬ 
metry as a measure of the state usefulness in a phase esti¬ 
mation scenario. The symmetric logarithmic derivative quan¬ 
tum Fisher information is indeed a measure of asymmetry 
[7, 33]. Let us recall its definition. Given the spectral de¬ 
composition of a probe state p - 2; 

an observable H, the quantum Fisher information Tnip) - 
2 Tjij ^ i +y Hfj, Hjj - |(/|//|y)|, quantifies the sensitivity of 
the probe to a phase shift Uh{0) - generated by H, un¬ 
der the assumption that the state changes smoothly [31]. The 
quantum Fisher information is (four times) the convex roof of 
the variance, ^h(|i/')) := 4 meaning 

that Tnip) = inf{p„|^i,» Zi Pi^ndiAi)), where the infimum is 
taken over all the convex decompositions p - 
such that the [p,] form a probability distribution [45, 46]. 
Moreover, a decomposition saturating the equality always ex¬ 
ists. This property implies convexity, 'Fnipp + (1 - p)o') < 
P'Fh(p) + (1 - p)'Fh(o'). The quantum Fisher information is 
equal to the variance for pure states, 'Fh(|iA)(<AI) = ^/r(llA))- 
We recall what implies that the quantum Fisher information 
is a reliable measure of asymmetry. It satisfies the following 
criteria: 

i) It vanishes if and only if the state is incoherent. Since 
the quantum Fisher information is convex, for any incoherent 
state one has Th(Ph) = ThO,!, Ch\h){h\) < IjI, ChTH(\h}{h\) = 
0. Also, we observe that Tnip) = 0 o [p,H] =0, and 
[p,//] = 0 o [p,Uh(0)] — 0, V6, which is a condition sat¬ 
isfied if and only if the state is incoherent. 

ii) It cannot increase under symmetric operations. Given 
Hab - Ha® Ib + Ia® Hb, by Theorem II. 1 of Ref. [5], any 
incoherent map Sha admits a Stinespring dilation Sha(Pa) - 
TrB[V^g(pA®TB)V^g], where is a symmetric unitary with 
respect to Hab, and [tb, Hb] = 0. In other words, any sym¬ 
metric map can be represented by the unitary, symmetric evo¬ 
lution of the system of interest and an ancilla in an inco¬ 
herent state. One then obtains Tha{Pa) - J^Hab^Pa ® '^b) - 

® tbW^b) ^ 5-H.(TrB[C(PA ® rB)V^B\) = 

!^j(£ha(Pa))- 

The proof can be extended to any quantum Fisher information 

where each of the real-valued 
functions / identifies a quantization of the classical Fisher in¬ 
formation which preserves contractivity under noisy opera¬ 
tions, being Tuip) - H^(p),F(x) = (1 -i- v)/2,x e R [47]. 
The quantum Fisher informations are topologically equiva¬ 
lent, being connected by the chain 2/(0)X^(p) < ’Hnip) ^ 


I^fjip), f,p, H [48]. Also, the property ii) can be generalized 
to show that any quantum Fisher information is an ensemble 
monotone, i.e. it does not increase on average under symmet¬ 
ric operations, J^(p) > 2^ P;,J^(£;j(p)), V(p^,£^] : = 

l,[£^,t/H(0)] =0,V/[33]. 

Asymmetry lower bound 

Picking the Fisher information as a measure of asymmetry 
is useful for experimental purposes. Coherence is not a linear 
property of a system, so it cannot be directly related to a 
quantum operator [49]. Also, the quantum Fisher information 
is usually hard to be computed. Yet, it is possible to build 
up an observable quantity which provides a nontrivial lower 
bound: 

Oh(p) < Tnifi), (1) 

Oh{p) = -2Tr[[p,//]2] =4Trbo2//2-p//p//]. 

As observed in Ref. [33], one has Onip) - 2 — HJj. 

Since A/ + Aj < l,Vi,j, by recalling the expression of the 
quantum Fisher information, the lower bound holds. For pure 
states, one has Onip) - 'Fnip) - 4^h(p)- The lower bound 
reliably detects asymmetry, as Oh(p) = 0 o 'Fnip) - 0. 

One may wonder if the quantity Onip) itself is a consistent 
measure of asymmetry. For pure states, the lower bound 
equals the quantum Fisher information, so the answer is 
positive in such a case. Unfortunately, this does not hold for 
mixed states. We can see that with a simple example. Given 
a bipartite state pab - Pa® Pb, let us suppose to measure 
the asymmetry of the marginal state pA as the uncertainty 
measuring Ha- One obtains OuAiPAB) = <3HA(PA)Tr[p|]. 
Then, discarding the subsystem pB would increase the 
asymmetry of the state pA, which is manifestly undesirable. 
One may normalize the quantity by employing (9//(p)/Tr[p^] 
as a measure of asymmetry, yet there would still be a 
problem. Note that the bound is written (modulo a con¬ 
stant) as an Hilbert-Schmidt norm in the zero shift limit, 
Oh(p) = 21im0^ol|UH(6')pt/H(0)'' - pll^/)^^). This norm 
is notoriously not contractive under quantum operations 
[50]. Not surprisingly, this property also makes measures of 
quantum correlations based on this norm generally unreliable 
[51, 52]. Hence, the lower bound, while being not a full- 
fledged measure, can replace the quantum Fisher information 
in scenarios where some restriction is posed, e.g. for unitary 
evolutions of systems which are guaranteed to be closed. 


B. Experimental observability of the asymmetry bound 

Experimental scheme 

As shown in Ref [8], the asymmetry lower bound is a func¬ 
tion of mean values of self-adjoint operators. By applying the 
Taylor expansion about 0 - 0o, one has Tr[pt//f(0)pt/]^(0)] = 
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FIG. 1: Overlap detection. Two copies ^ GHZ- 

diagonal state are prepared in the state p,- = l/2(/2 + pcr^),^i. An 
Hadamard gate H is applied to the qubits A,, i = 1,2, followed by 
two CNOT gates on each copy. Then, one evaluates the purity and the 
overlap terms related to the observables J 3 ,x(y,zh by applying the uni¬ 
tary transformations Uj^(S) = Uj^A{S)®Uj^B{S)®Uj^ciS), and measur¬ 
ing the ancilla polarisation by means of an interferometric scheme. 
This consists of an ancilla in the initial state a = 1/V2(|0) -l- |1)) 
interacting with the two state copies by a controlled-F gate, being V 
the swap operator. A second Hadamard gate H is finally applied to 
the ancilla. The mean value of the ancilla polarisation at the output 
is <(T,),ou. = Tx[Vp®Uj,{e)pUlm = ^x\pUj,{e)pu]^m, which 
determines the asymmetry lower bound. 


Tr[pt/H(0o)pt/i(0o)] - (Tr[p2//2] - Tx\pHpHW - + 

0 {(B - 0o)\ and then Oh(p) ~ (g^(Tr[pt/H(6'o)pt/]f(0o)] - 
TT[pUH(d)pUlj(0)]), 0 —» 0Q. By setting 0q - 0, an approxima¬ 
tion in terms of finite phase shifts, with error 0(0^), is given 
by (5^(p) ± A(9^(p), with 

0->, = ,2) 

AO^^ip) = \dO‘;^(p)/d0\g^o 0+ l/2\d^O^^(p)/d0^\s=o0^. 

=0 

One may note that even the approximated quantity is a lower 
bound (but less tight) to the quantum Fisher information, 
(9^(p) < Oh(p),^P,H,0 [33]. Therefore, to quantify the 
lower bound to the asymmetry of the state, we need to evaluate 
its purity and the overlap with a second copy of the state after a 
rotation has been applied. They are obtained by estimating the 
mean value of the swap operator V - Yjij \i in two copies 
of the system, pip = p: Tr[p^] = Tr|^y(p ® p)j, while the 

overlap is given by Tr[^pt///pt/]^] = Tr|^y(p ® Such 

quantities can be directly measured by implementing an inter¬ 
ferometric configuration [8, 34—39, 53]. In fact, the method 
has general validity regardless the system state and the self- 
adjoint operator to be measured [34]. Alternatively, for the 


relevant case of N-qubit systems, it is possible to extract pu¬ 
rity and overlap by local Bell measurements, a routine mea¬ 
surement scheme in optical setups [8, 33, 39-44]. Thus, for 
systems of arbitrary dimension, the lower bound Onip) can be 
extracted by the statistics of a limited number of detections, 
bypassing full state reconstruction. 


Closed formula for the asymmetry lower bound in multi-qubit 
systems 

We here provide a closed formula for the asymmetry lower 
bound in one, two and three-qubit states, with respect to 
additive Hamiltonians Hff = ® hi ® 

Ii+\,i+ 2 ,...,N,hi - \l2cri, (Ti representing spin-1/2 observables, 
e.g. the Pauli matrices. By recalling that ^^2 I 2 - 1 - 

i sin 6/2 cr, we get an exact expression for the lower bound in 
terms of phase shifts Uhh{0) - For A = l,//i = h, one 

has 


0„Sp) = Tr[p2]-Tr[pt/,(;r)pt/,^(;r)], (3) 


For N - 2, H 2 - hi hp. 


OhzM = 3Tr[p2]-4Tr[pt/H,(;r/2)pt/;^(7r/2)] 

-H Tr[pt/H2(7r)pt/]f^(7r)], 

UhM = Uh,{0)Uh,{0). (4) 


For N - 3, Hz, - hi h 2 hp. 

OH,ip) - 6Tr[p2]-4{Tr[pt/,,+,,(7r/2)pt/;^,^(7r/2)] 

-H Tr[pt/ft,+A3(7r/2)pt/^'^^,,^(7r/2)] 

-H Tr[pt/ft3+A3(7r/2)pt/^^^,,^(7r/2)]} 

-H Tr[pt/ft,+;,3(7r)pt/]_3^^^(7r)] -HTr[pt/,„+/,3(;r)pt/J^^3^^^(;r)] 
-H Tr[pt/ft3+;,3(7r)pt/]'^3_^^(7r)] 

-H Tr[pt/ft,(7r)pt/^_(7r)] +i:x\pUh^{n)pUlj,7t)] 

+ Tx[pUh,{7t)pUlS^)'\- (5) 

We conjecture that it is possible to iterate the procedure and 
work out equivalent expressions for an arbitrary number of 
qubits. 


III. DETECTION OE MULTIPARTITE ENTANGLEMENT 
VIA ASYMMETRY 

A. Asymmetry witnesses Entanglement 

It is often desirable to consider a high dimensional sys¬ 
tem as a partition of subsystems. Such a partition is usu¬ 
ally dictated by the physical constraints of the problem, for 
example the spatial separation between the parts of the sys¬ 
tem. It is then interesting to understand the interplay be¬ 
tween asymmetry with respect to a global observable and 
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h 

^3,A 

h.y 

JXz 

(/’Afic) 

2p^(pN2) 

(-2p*+p<>+18p‘'+7p2) 

3p'*+4p7+l 

(2p'' 4- 4p3 4- 3 /) 

{p'abc) 

(2/)2 4- 3/ 4- p^)ll 

(/ 4- 4/3'* 4- 7p2)/4 

(3/ 4- 4- Up‘* 4- 8/3^ 4- 3/32)/4 

[p'abc) >3,5 

p>\ 

p> 1 

p > 0.674,0.813 

[p'abc) >3.5 

p>\ 

p> 1 

p > 0.751,0.861 

f[p'’ABc)>^ApABc)>^ 

p > 0.646,0.772 


TABLE I: Theoretical values of the quantum Fisher information, the observable lower bound defined in Eq. 1, and the conditions witnessing 
entanglement, Eq. 6, for the spin observables T 3 ,a-(j,,z), in coherence lower bound is an entanglement witness almost as efficient 

as the quantum Fisher information, being blind to entanglement only for p 6 [0.674,0.751], [0.646,0.772], and to tripartite entanglement for 
p e [0.813,0.861]. Note that a more general sufficient condition for genuine tripartite entanglement is Ipi^gl > yp2,2 Pi.i + VPs.s P 6,6 + -\/P4,4P5,5. 
which for GHZ-diagonal states is also a necessary condition [57]. Hence, p^g^ is three-partite entangled when p > - 1 « 0.587. 


the quantum properties of the subsystems. In spite of be¬ 
ing a basis-dependent feature, coherence is linked to basis- 
independent features of multipartite systems as quantum cor¬ 
relations [6, 16, 18, 23, 28]. Here we show that, for an N- 
qubit system, the observable asymmetry bound Oh(p) mea¬ 
sured on the global system state witnesses entanglement be¬ 
tween the partitions. There are several entanglement wit¬ 
nesses written in terms of the quantum Fisher information. 
They relate entanglement to the system speed of response 
to phase shifts generated by additive spin-1/2 Hamiltonians 
Jn - ZZi [32, 46, 54—56]. In particular, a constraint 
which cannot be satisfied by k-separable states of N qubits is 
'Fjuip) ^ + iN-nk)^, where n = J- Thus, verifying this 

relation certifies genuine k-partite entanglement [25]. Also, 
if r(p) = i/3(^ry„» + + Tj,Sp)) > ^np, then 

the state is entangled. Therefore, if there exists a spin basis 
jx, y, z} such that the following conditions are satisfied: 

Oj,,^,,(p) > nk^ + {N-nk)\ (6) 

dip) = l/3(Oy„»+Oy„>) + Oy,»)>2A/3, 

a state p is respectively genuinely k-partite entangled and en¬ 
tangled. 

B. A case study 

Here we apply our scheme to simulate the non-tomographic 
detection of asymmetry and entanglement in a three-qubit 
state. We choose as probe state the GHZ-diagonal state 
This allows one to investigate the behavior of the asymme¬ 
try lower bound and entanglement witness in the presence of 
noise in the system. The two copies of the GHZ diagonal state 
Fa,BiCi ’FA 2 B 2 C 2 obtained by initializing a six qubit proces¬ 
sor in Pi - 1 /2(/2 + pcr^), i - i... ,6, and applying Hadamard 
and CNOT gates as described in Fig. 1 . 

We measure the asymmetry of the input state with respect 
to the set of spin Hamiltonians = 'Li=A,B,c ji.iPsA - 
Ja ® Ibc^ jz.B - I A® Jb ® Ic, ji.c - Iab ®jcP- ^ P(Txfy.zp by 
computing the values of the lower bound, and the approxima¬ 
tion defined in Eq. 2, for each observable. Of course, we may 
obtain the asymmetry with respect to any self-adjoint operator 
in the three-qubit Hilbert space. This is done by implement¬ 
ing the unitary gate Uj,(0) - UjpO) ® UysiG) ® Upc(6) on a 


copy of the state and then building up an interferometric con¬ 
figuration (Fig. 1). Performing the polarisation measurements 
on the ancillary qubit makes possible to determine Oj^ip‘^g^). 
We select a small but experimentally plausible phase shift, 6 = 
7r/6 [33]. Obviously, to evaluate the purity, no gate has to be 
applied. The purity and overlap values extracted by the quanti¬ 
ties Tr[p^g^t/y3(7r/6)p^^pt/J^(7r/6)] determine Oj^ip’’^^^). No 
further action is necessary to verify the presence of entangle¬ 
ment through the witnesses in Eq. 6, as the values of Oj’^ip^gP 
have been obtained in the previous steps. Eor N = 3, we 
havek = 1 Oj^ip'^^^^) > 3,k = 2 Oj^(p‘’^g^) > 5, 

and Oip‘’^^^) > 2. The results are summarised in Tab. I and 
Eigs. 2,3. 


IV. CONCLUSION 

In this work, we provided an experimental recipe to wit¬ 
ness multipartite entanglement by detecting asymmetry with 
respect to an additive Hamiltonian. We employed an experi¬ 
mentally friendly lower bound of the quantum Eisher informa¬ 
tion to quantify asymmetry, a geometric property of quantum 
systems underpinned by coherence in an observable eigen- 
basis. The scheme is suitable for detection of asymmetry in 
large scale quantum registers, as it requires a limited number 
of measurements regardless the dimension of the system. We 
showed that in multipartite states the asymmetry lower bound 
with respect to additive observables is a witness of multipartite 
entanglement. Our results suggest further lines of investiga¬ 
tion. To the best of our knowledge, the lower bound Oh is the 
first faithful experimental quantifier of asymmetry for finite 
dimensional systems. Thus, on the experimental side, we call 
for a demonstration of our study. Moreover, we observe that 
a quadratic {OiN^)) sensitivity to phase shifts generated by 
additive Hamiltonian in A-party systems, as measured by the 
quantum Eisher information, has been associated to another 
elusive quantum effect, i.e. quantum macroscopicity [58-60]. 
It is clear that high values of coherence are essential to quan¬ 
tum macroscopicity, yet the interplay between the two con¬ 
cepts still needs to be clarified. 
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FIG. 2: (Colors Online) - Evaluation of asymmetry in the state respect to the observables J 3 ,x{y,z) (figures (a), (b), and (c) respectively) 

as a function of the mixing parameter p. The blue dotted line is the quantum Fisher information, here showed for reference, the red dashed 
line is the bound the red continuous line is the approximation Oj|^(p^g^) obtained by imposing 9 = ;r/6, and the yellow band is the 

error region, whose extreme values are ± AOj^lp^g^). 



FIG. 3: (Colors Online) - Witnessing entanglement by asymmetry via the inequalities in Eq. 6. (a) Witnessing entanglement in the state p^g^ 
by computing the quantum Fisher information and the lower bound, as a function of the mixing parameter p. The blue dotted line depicts 
- 3, the red dashed line is C^jj.fp^g^,) - 3, while the red continuous line is Oj^lp^gc) “ 3. Positive values of such quantities signal 
entanglement. The yellow band is the error region, bounded by the extreme values ((9y^ (Pasc) - ^p'abc>^ ~ 3- The cases are not 
reported as trivially useless, see Tab. I. (b) Witnessing genuine tripartite entanglement (it is the case N = 3,k = 2 of Eq. 6). The blue dotted line 
depicts — dashed line is (9y3^(p^g^)-5, while the red continuous line is Oj^(p^g^)-5. The error region (yellow) is bounded 

by the extreme values of (<9^^ (Pabc) - ^^7i ~ Witnessing entanglement by computing the average values of the quantum Fisher 

information and the lower bound over a spin basis {x,y,z]- The blue dotted line is 'Fip'^BC^ ~ dashed line is Oip'^gc^ ~ 2, while the 

red continuous line is ^f^ip'^BC^ ~ 2. The yellow error region is bounded by ± .^2,- ,^(p^g^) + 2 2,; . j “ 5. 
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